In a previous study by the author (19931, the two-dimensional steady flow of a fluid over a polygonal and curved obstruction on the bottom of a stream is discussed, and a linearized solution for the free-surface profile is obtained. This study is generalized to include the effects of surface tension. A linearized theory based upon small elevations or depressions in the bottom is presented, in which the existence of three different branches of solutions is predicted, depending on the Froude number and the surface tension. The results are plotted for two special shapes of the bottom, in the different domains of solution.
Introduction
This paper is concerned with the steady two-dimensional flow of an inviscid, incompressible fluid under the action of gravity and surface tension, past a polygonal or curved obstruction. The fluid flows uniformly far upstream over a level bottom, continues to flow over a region occupied by the obstacle (local region) leading to a downstream region. In both the upstream and downstream regions from the obstacle, the bottom surface are assumed to be level and the free top surfaces subjected to a constant atmospheric pressure.
As the flow far upstream is supposed uniform and hence irrotational, and viscosity is absent, it is always irrotational and so there exists a velocity potential 4. Also, as the fluid is incompressible, there exists a stream function $. Both 4 and 4 must satisfy the Laplace equation v2qb = 0, v2+ = 0, subject to certain nonlinear boundary conditions, namely (i) zero pressure on the free streamlines, and (ii) zero normal velocity on the bed. This problem finds application in hydraulic and coastal engineering and is also expected to provide a qualitative description of the flow caused by a body moving close to sea bed.
Free surface flows over various obstacles have been studied for at least the last century. Lamb [ll] presented a general linearized theory for flow over stream beds of arbitrary shapes. Several authors have used concentrated singularities to model both finite and infinite bodies, which are moving in streams of finite or infinite depth, e.g., [6, 8] . Wehausen and Laitone [13] discussed free-surface flow over step discontinuity in the stream bed. Forbes [3] investigated the flow over a submerged semi-elliptic body. Forbes and Schwartz [5] studied the flow over a semicircular obstruction, and Forbes [4] extended this study to include the effect of surface tension.
Recently, a considerable amount of work has been done in [1, 2, 7, 9, 10] .
In the present paper, we consider supercritical and subcritical flows over polygonal and curved obstacles. The bottom is represented in a Fourier integral form using the method suggested in [11, 12] after adding the effects of surface tension. The linearized free-surface profiles have been obtained in a series form in terms of Froude number and surface tension.
Formulation of the problem
Consider the steady, two-dimensional flow of an ideal fluid in an infinite open channel with a nonuniform bottom as shown in Fig. 1 . The surface tension of the fluid is t and g is the downward acceleration due to gravity. The depth of the flow far upstream is h and the speed of flow far upstream is U. In the presence of surface tension a wave train may appear upstream; in this case the reference speed and depth h are defined at points of zero curvature of the free surface upstream (the effect of surface tension on fluid at this point vanishes).
Let the velocity potential be 4 and the stream function be $, so the bottom stream line is I) = -Uh and the free surface $ = 0. Thus in the case of a simple harmonic corrugation in the bed [11, 12] y=-h+ecoskx, (2.1) with wave number k and small amplitude E, the origin being in the undisturbed assume C$ = -xU + U(a cash ky + b sinh ky) sin kx and I&= -yU+U( a sinh ky + b cash ky ) cos kx, 
Analysis in case of polygonal obstacle
The obstruction considered is a polygon passing through the corners 0 to length of the side that passes through the corners j and j + 1 with crj being shown in Fig. 2 . In view of this we may express y(x) as follows: Then substituting into (2.181, the shape of the free surface is
Now consider the complex function
which is a common denominator of the integrands in (3.5). It is evident that G(Z) may have zeros for at maximum two possible real values of k. Let these values be rO and rl and define rO < r,; then yO and rl are solutions of the relation tanh y = YF* 1+ Ty*. If either r. or rl exist, the function 7 in (3.5) becomes indeterminate, since the integral of this equation fails to have a meaning in the usual sense. In this case the integral is interpreted as a contour integral in the complex k-plane, with path of integration passing below or above the pole singularities rO and rl in semicircles of vanishingly small radius. Four different domains of solution exist as shown in Fig. 3 . Domain (1). Bounded by F = 1, the curve F* = 20 and T = 0. In this domain the roots rO and y1 exist. Solutions in this domain will be referred to solutions of type (1). These solutions exist only when F < 1 and possess a train of gravity waves downstream and capillary waves upstream of the obstruction. Domain (2). Bounded by F = 0, F = 1 and F* = 20. In this domain there are no real roots. Solutions in this domain (type (2)) occur at large values of the surface tension parameter and are also confined to the subcritical regime F < 1. In this case, however, there are no waves either upstream or downstream of the obstruction. Domain (3). Bounded by F = 1, T = 0 and F* = 2fi. In this domain only one real root exists, namely ri. Hence, type (3) solutions occur only in the supercritical regime, and the free surface consists of a train of capillary waves upstream followed by a rise above the obstruction. Domain (4). It consists of the line segment T = 0 and F < 1. In this case only rO exists and solutions possess a train of gravity waves downstream.
To evaluate the integrals in (3.51, we use a well-known analytical method of Cauchy, which is to expand l/G(Z) given in (3.6) in an infinite series of partial fractions in terms of the zeros of G(Z). Since G(Z) is an even function of Z, therefore l/G(Z) can be expanded in the form Substituting (3.10) in (3.5) and carrying out the integrations, we get the free-surface shape n'-1 7 = +A,yn + c tan cxi +A,[ Ix -xi I -Ix --x~+~ I] i=O i 
Application, summary and discussion
The steady, two-dimensional free-surface flow of an inviscid, incompressible and irrotational fluid over a general obstacle has been investigated. The free-surface profile is obtained, for the supercritical and subcritical cases, for the polygonal obstruction equation (3.15) and for the curved equation (4.9, in the presence of surface tension. The result obtained will be applied for two special cases.
Case (1). First we consider a free-surface flow over a double ramp as shown in Fig. 5 . By substituting ~tr = 0, n2 = 3, x1 = 1, cos cx, x2 = S + I, cos (Y and x3 = S + I, cos cr + I, cos p into (3.19, we get for the surface shape The steady free-surface response for this obstruction is obtained by a direct application of (4.5).
After some mathematical manipulation we arrive at
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-E 2s2~y~~~2,s2~ {exy$ + e-SYW -WI The solutions (5.1) for case (1) and (5.4) for case (2) are derived under the assumption that the heights of the obstacle, 1, sin a + 1, sin p in case (1) and E in case (21, are very small compared to the depth h. These solutions predict the existence of four different types of free-surface shape depending on the value of F and the surface tension number T.
Solutions in domain (1)
(a) Effect of the Froude number F 2: four solutions in domain (1) have been computed and plotted for the surface-tension parameter T = 0.03 and F2 = 0.4, 0.6, 0.7 and 0.8, as shown in Fig. 7 , for obstruction of case (l), and in Fig. 8 , for obstruction of case (2). As the Froude number F2 is increased, the wave length and the amplitude of the upstream waves decrease significantly (see Figs. 7(a) and 8(a) ). This result is predicted since rl increases (from 10.0 to 25.358) with increasing F2 (from 0.4 to 0.8).
On the contrary the wave length and the amplitude of the downstream waves increase significantly with the increase of the Froude number F2 (see Figs. 7(c) and 8(c) ). This result is also predicted since r. decreases (from 3.3158 to 0.94935) with increasing Froude number F2 (from 0.4 to 0.8). It appears that there is a local disturbance with depression immediately above the obstruction. This depression increases significantly with the increase of the Froude number as shown in Figs. 7(b) and 8(b) .
(b) Effect of th e surface-tension parameter T: three solutions in domain (1) have been computed and plotted for F2 = 0.8 and T = 0.03, 0.05 and 0.07, as shown in Fig. 9 , for obstruction of case Cl), and in Fig. 10 , for obstruction of case (2).
For the upstream waves (see Figs. 9(a) and 10(a)), the amplitude and wave length increase significantly as the surface-tension parameter T increases. This result is predicted since rl decreases (from 25.35 to 10.0) with increasing T (from 0.03 to 0.07). The amplitude and wave length of the downstream waves (see Figs. 9(c) and 10(c)) decrease slightly with increasing T, which is the result of the slight variation of r0 with T (rO changes from 0.94935 to 1.05799 as T changes from 0.03 to 0.07).
The amplitude of the local depression (see Figs. 9(b) and 10(b)) depends slightly on T; it decreases with increasing T; in addition a small shift of the local response is observed.
Solutions in domain (2)
Solutions in this domain occur in the subcritical region when the surface-tension parameter T exceeds a certain critical value (see Fig. 2 ). The solution consists only of a depression above the obstruction. The effect of the surface-tension parameter T is very small and affects the solution mainly when the radius of curvature is small (see Figs. 11 and 12 ). 
Solutions in domain (3)
This domain lies completely in the supercritical region F2 < 1, as shown in Fig. 3 . curvature is small, and in case (2) the maximum free-surface elevation for T = 0.05 is slightly smaller than that obtained in the absence of surface tension.
Solutions in domain (4)
The solution in this domain is presented and discussed in [7] . In this work the two-dimensional flow of an ideal fluid over a polygonal and curved obstruction is discussed. The fluid is subjected to the combined effect of gravity and surface tension. The theory, derived under the assumption that the height of the obstruction is small, predicts four domains of solution. Solutions in domain (1) possess an upstream capillary wave train followed by a depression above the obstacle followed by a train of gravity waves Fig. 16 . Effect of surface tension T, for solutions in domain (31, on the local disturbances versus x, corresponding to case (2); E = 0.02 and S = 1. downstream of the obstacle; the free surface in domain (2) consists of a single depression above the obstacle. In domain (31, solutions possess an upstream capillary wave train and an elevation of the free surface in the vicinity of the obstruction.
